We show how the recently proposed effective theory for a Quantum Hall system at "paired states" filling ν = 1 [1][2], the twisted model (TM), well adapts to describe self-generated half-integer flux quanta observed near grain boundaries (GBs) [3] [4] [5] . We stress the key role of our theory in describing the phenomenology of linear Josephson Junction Arrays (JJAs) which have been proposed as a model of YBCO grain boundaries [6] , in particular we focus on "closed" geometries which appear promising as "protected" qubits [7] for the implementation of an ideal quantum computer.
Introduction
Some time ago it was predicted that vortices with half flux quanta could occur at the intersection of non conventional superconducting grain boundaries [8] . It was shown that the minimum of the free energy was achieved when the phase change of the order parameter in the whole volume of the grains was π, so reflecting the antisymmetric properties of the order parameter under a full 2π rotation.
Recently the experimental evidence of half flux quanta ( ) trapped in systems of high T c Josephson junctions has spurred a renewed interest in the understanding of properties which are typical of a two dimensional system. The basic question being how the phenomenon of Cooper pair condensation can cope with properties of charge (flux) fractionalization, typical of a two dimensional system with a discrete Z 2 symmetry.
We must recall that charge fractionalization has been successfully hypothesized by R. Laughlin to explain the ground state of a strongly correlated 2D electron system, a quantum Hall fluid, at fractional fillings ν = In Refs. [9] [10] it has been shown that the presence of a Z 2 symmetry accounts for more general boundary conditions for the propagating electron fields which arise in Quantum Hall systems in the presence of impurities or defects. Furthermore such a symmetry is present also in the fully frustrated XY (FFXY) model or equivalently, see Ref. [11] [12] , in two dimensional Josephson junction arrays (JJA) with half flux quantum 1 2 hc 2e threading each square cell and accounts for the degeneracy of the ground state. Such considerations led to model YBCO grain boundaries as fully frustrated linear JJAs [6] .
Recently new kinds of JJAs have been proposed [7] , with non-trivial topology, which allow for a novel state at low temperature characterized by a discrete topological order parameter [13] . In fact, the Hilbert space of their quantum states decomposes into mutually orthogonal sectors ("topological" sectors), each sector remaining isolated under the action of local perturbations and protected from leakage through a gapped excitation spectrum. If one chooses the two qubit states from ground states in different sectors one gets a 2 K -dimensional subspace (K is the number of big holes in the array, in general equal to the effective number of qubits) which is "protected" from the external noise [14] . Once the protected qubit has been implemented, global operators must be found in order to manipulate its states. Such arrays could be promising candidates for a physical implementation of an ideal quantum computer.
The aim of this paper is to show that the twisted model (TM) well adapts to describe the phenomenon of flux fractionalization near grain boundaries. Furthermore, the "order parameter" is shown to acquire a phase of π 2 under a full 2π rotation, in agreement with the possibility of observing half flux quanta. A particular model of grain boundary as a fully frustrated linear JJA with dilute impurities is studied and implications of "closed" geometries for quantum computing are briefly sketched.
The paper is organized as follows:
In Section 2 we report on experimental evidence of half flux quanta trapped at the intersection of high T c superconducting grain boundaries and present a modelization of the grain boundary, evidencing the underlying Z 2 symmetry.
In Section 3 we describe how crucial is such a symmetry in the TM model and its relation with the grain boundary physics. The degeneracy of the ground state appears closely related to the number of excitations (primary fields) of the CFT description.
In Section 4 it is shown that such a degeneracy gives rise to different symmetry classes for the order parameter. In particular under a 2π rotation, that is for z → e i2π z, it is shown that the order parameter may acquire a phase factor e i( π 2 +nπ) .
In Section 5 a brief summary of the results is presented together with some comments and suggestions.
In the Appendix the charged excitations provided by our model (TM) are explicitly given together with their conjugate magnetic charges and the order parameter, that is the Cooper pair wavefunction, on the torus is exhibited.
Flux fractionalization: the role of Z symmetry
In this Section we review some experimental realizations of flux fractionalization in high T c superconductors which can be understood in terms of an underlying discrete Z 2 symmetry.
In fact the experimental evidence for half-integer flux quantization is a powerful tool for probing the symmetry of the order parameter in YBCO and unconventional superconductors [15] . Such a phenomenon was first predicted in Ref. [16] and soon related to unconventional superconductivity [17] . Then it was predicted that half-integer flux quanta would be spontaneously generated at the intersection of three grain boundaries if there is an odd number of sign changes of the normal component of the superconducting order parameter in a closed loop around the tricrystal point [8] . Such a spontaneous magnetization mechanism was taken into account in order to explain [18] the positive paramagnetic Meissner effect observed in polycrystalline films of high T c superconductors. A number of observations of this effect in particular geometrical configurations have been performed, such as direct imaging of half-integer flux quanta in a tricrystal ring geometry [3] and current-voltage measurements of a grain boundary junction at the tricrystal point [19] . Another class of experiments was performed, in which a triangular (or a hexagonal) singlecrystal high T c superconductor was inserted into a single crystal superconducting host of the same material, but with crystal axes misoriented with respect to those of the inclusion. In such systems clear evidence has been found of fractional (but not half-integer) flux entrapment [20] which has been interpreted [21] in terms of time-reversal symmetry violation for the order parameter.
Half-integer flux quanta have been also observed by scanning quantum interference device (SQUID) microscopy on YBCO-Nb ramp long Josephson junctions [5] fabricated in a zigzag geometry. Such long junctions consist of alternating facets of 0,π,0,π,... junctions, which result in a set of π discontinuities of the Josephson phase at the corners where 0 and π facets join. In such points the YBCO order parameter changes its sign because the direction of the Josephson contact changes by 90
• . In this way the spontaneous generation of half-integer flux quanta, also called semifluxons [22] , takes place at the discontinuities under certain conditions. It has been observed that the semifluxons prefer to order antiferromagnetically and that the polarity of a single semifluxon can be changed by applying a local magnetic field.
Based on the above considerations, the grain boundary interface between two high T c superconductors can be simply modeled in terms of a Z 2 symmetry either as a linear chain of adjacent plaquettes with half integer (frustration) and integer (no frustration) flux quanta [6] or as an antiferromagnetically ordered spin chain with dilute impurities in some sites or single altered links [23] . In the following we focus on the first model which is equivalent to a one-dimensional array of alternating 0 and π Josephson junctions (i.e. a one-dimensional fully frustrated (f = ) JJA) with two consecutive 0 or π junctions somewhere (i.e. no frustration in some plaquette). It can be easily shown that such a system has two symmetric, energy degenerate, ground states characterized by currents circulating in the opposite directions in alternating plaquettes. Identifying the two opposite current chiralities with effective pseudospin pointing up and down respectively, the two above ground states can be viewed as the twofold possible antiferromagnetic ordering of a spin chain.
In a forthcoming paper [12] the present construction will be extended to two dimensional systems with frustration, the fully frustrated XY model and a two dimensional array of Josephson junctions in an external magnetic field with half flux quantum per cell. Such frustrated systems represent a two dimensional generalization of the linear chain of frustrated plaquettes considered here.
Furthermore the phase diagram of such systems [24] [25] can be simply understood within our TM description. It is built up with three branches which meet at a multicritical point P . Then there is a branch P T which corresponds to single transitions with simultaneous loss of XY and Ising order while the other two describe separate KosterlitzThouless and Ising transitions. The critical line P T becomes a first order one at the other tricritical point T ; it seems to be non-universal [24] as the values of the chiral critical exponents (ν = 0.79, η = 0.40) estimated by finite-size scaling of large systems are inconsistent with pure Ising critical behavior (ν = 1, η = 1 4 ). Also the central charge seems to vary continuously from c ≈ 1.5 near P to c ≈ 2 at T [25] .
We will adopt the m-reduction technique [26] which describes very well the physics just outlined, the two fixed points at c = 3 2 and c = 2 and accounts for non trivial boundary conditions for the Josephson array. Furthermore its realization on closed geometries could be relevant for the description of JJAs with non trivial topologies, which are believed to provide a physical implementation of an ideal quantum computer [7] because of the topological ground state degeneracy "protected" from external perturbations [13] .
The Twisted Model
In this Section we recall those aspects of the TM which are relevant for the linear fully frustrated (f = ) JJA we are going to study in the following. We focus on the mreduction procedure for the special m = 2 case (see Ref. [1] for the general case), since we are interested in a system with Z 2 symmetry. We showed in Refs. [1] [2] that such a theory describes a system consisting of two parallel layers of 2D electrons gas in a strong perpendicular magnetic field coupled via a defect line (a topological defect or topological twist). The two layers edges appear coupled at a contact point carrying a magnetic impurity. The bulk electrons spin interacts with the magnetic impurity spin and in the limit of strong coupling, that is for the full screening case, non trivial boundary conditions, of the Z 2 type in the considered case, for the relevant fields emerge. In this paper we choose the "bosonic" theory, which well adapts to the description of the grain boundary between two high T c superconductors with Cooper pairs of electric charge 2e and flux quanta of magnetic charge hc 2e , i. e. a linear fully frustrated JJA with dilute impurities. As pointed out in the previous Section, it can be viewed as an antiferromagnetically ordered spin chain with two energy degenerate ground states characterized by a sequence of opposite current chiralities in adjacent plaquettes, in close analogy with the checkerboard ground state of the two dimensional JJAs [27] . To each of the two chiralities we assign a pseudospin state, making a correspondence between clockwise-counterclockwise currents and up-down pseudospin states. In order to study the physics of such a system, we split the original pseudospin lattice into the two sublattices of the even and odd sites which identify with the two a = 1, 2 layers respectively. Then we identify the corresponding pseudospin states S z i = ±1 with two chiral fields Q (a) i (a = 1, 2), each defined on the corresponding sublattice. Our CFT, the TM, is the description in the continuum of such a discrete system.
It can be given in terms of the two compactified chiral bosons Q (a) just introduced, with central charge c = 2. In order to construct the fields Q (a) for the TM, let us start from a bosonic CFT with c = 1 described in terms of a scalar chiral field Q compactified on a circle with radius R 2 = 2. It is explicitly given by:
with a n , q and p satisfying the commutation relations [a n , a n ′ ] = nδ n,n ′ and [q, p] = i.
From such a CFT (mother theory), using the m-reduction procedure, which consists in considering the subalgebra generated only by the modes in eq. (1) which are a multiple of an integer m, we get a c = m orbifold CFT (daughter theory, i.e. the TM). Then the fields in the mother CFT can be organized into components which have well defined transformation properties under the discrete Z m (twist) group, which is a symmetry of the TM. By using the mapping z → z 1/m and by making the identifications a nm+l −→ √ ma n+l/m , q −→ 1 √ m q the c = m CFT (daughter theory) is obtained.
Its primary fields content, for the special m = 2 case, can be expressed in terms of a Z 2 -invariant scalar field X(z), given by
describing the electrically charged sector of the new theory, and a twisted field
which satisfies the twisted boundary conditions φ(e iπ z) = −φ(z) and describes the neutral sector [1] .
The whole TM theory decomposes into a tensor product of two CFTs, a twisted invariant one with c = 
is the vertex of the "charged" sector with α 2 = 2 for the SU(2) Cooper pairing symmetry used here.
Regarding the "neutral" component, the HWS in the neutral sector can be classified by the two chiral operators: Majorana fermions with Ramond (invariant under the Z 2 twist) or Neveu-Schwartz (Z 2 twisted) boundary conditions [1] [2] in a fermionized version of the theory. Let us point out that the energy-momentum tensor of the Ramond part of the neutral sector develops a cosine term:
a clear signature of a tunneling phenomenon which selects a new stable vacuum, the linear superposition of the two ground states [28] . The Ramond fields are the degrees of freedom which survive after the tunneling and the Z 2 (orbifold) symmetry, which exchanges the two Ising fermions, is broken. Besides the neutral fields appearing in eq. (5) there are the σ (z) fields, also called the twist fields, which appear in the primary fields V qh (z). The twist fields have non local properties and decide also for the non trivial properties of the vacuum state, which in fact can be twisted or not in our formalism. Such a property for the vacuum is more evident for the torus topology, where the σ-field is described by the conformal block χ 1
16
(see the construction in the Appendix).
Physics of the grain boundary and topological invariants in closed linear JJAs
In the previous Section we identified our chiral fields Q (a) (a = 1, 2) with the continuous limit of the Josephson phase in the two pseudospin states S z i = ±1 defined on the sites of the one dimensional lattice and considered non trivial boundary conditions at its ends, so constructing a version in the continuum of the discrete system. We now try to give a physical interpretation of the results of our TM and of the low energy excitations it provides.
The system we have in mind can acquire, in addition to superconducting quasi long range order, a topological order parameter due to its non trivial geometry [7] . The superconducting phase is characterized by a condensate of 4e charges and gapped 2e excitations. An extra Cooper pair which is injected at the inner boundary can never escape it; therefore, two states differing by the parity of the Cooper pairs number at the boundary are indistinguishable by a local measurement. Conversely, the dual insulating phase, which can be reached by increasing the charging energy, shows condensation of 2 hc 2e phase vortices and gapped hc 2e excitations. Because of the hole, the system acquires a new binary degree of freedom characterized by the presence or the absence of an half vortex; the states so obtained cannot be distinguished by local measurements. We recognize such excitations in the conformal blocks of eqs. ( 16), (18); the TM on the torus gives rise to the dual superconducting and insulating phases which are connected through a duality transformation.
Furthermore we can build a topological invariant P = γ S z i where γ is a closed contour that goes around the hole. Such a choice allows us to define two degenerate ground states with P = 1 and P = −1 respectively, labelled |1 , |2 , as in Fig. 1(a) : there must be an odd number of pseudospins (odd chain) to satisfy this condition which is imposed by the request of topological protection. The values P = ±1 select twisted boundary conditions at the ends of the chain while P = 0, which corresponds to an even number of pseudospins (even chain), selects periodic boundary conditions (see Fig. 1(b) ). The case of finite discrete chains has been discussed in detail in Ref. [29] , our theory is its counterpart in the continuum. It is now possible to construct symmetric and antisymmetric linear combinations of the two degenerate ground states shown in Fig.1 in the twisted sector and then to control their amplitude and relative phase: such operations are needed in order to prepare the qubit in a definite state. We get
which correspond, in the TM, to the combinations of eqs. (20), (22) and (19), (21) respectively. The presence of the χ 1
16
,χ 1 16 characters gives rise to the persistence of the trapped half flux inside the central hole.
In order to show the symmetry properties of the order parameter it is useful to give a pictorial description of the conformal blocks appearing in eqs. (15) (16) (17) (18) . To such an extent let us imagine to cut the torus along the A-cycle. The different primary fields then can be seen as charged excitations which propagate along the B-cycle and interact with the external Cooper pair at point w = 1 2πi ln z. In the picture the conjugate magnetic flux (charge) is represented as an arrow tangent to the B-cycle. We can now test the symmetry properties of the order parameter by simply evaluating the Bohm-Aharonov phase it picks up while a Cooper pair is taken along the closed A-cycle.
Under a full 2π rotation z → ze i2π , the torus variable transforms as w → w + 1 and it is easy to check that:
where the K a , a = 0, ..., 3 are defined in the Appendix. From the above relation it is evident that the change in sign of the order parameter under a whole rotation is strictly related to the presence in the spectrum of excitations carrying fractionalized flux quanta.
Furthermore in our approach it is natural to reproduce the effect of those discontinuities at the grain boundary described in Section 2. More precisely it was noticed there that along the linear chain of adjacent plaquettes with frustration it might appear plaquettes with no frustration, due to the net result of discontinuities, coupling two adjacent frustrated plaquettes. In the present approach such an effect is simply taken into account by the neutral degrees of freedom content. In fact if we turn on also the neutral sector contribution in the Cooper pair transport along the A-cycle we obtain in a straightforward way:
where χ α are the Ising characters defined in the Appendix. A phase i = e i π 2 appears in the χ 1 16 character due to the presence of a half-flux.
As a result the order parameter described by:
does not change sign under w → w + 1, the negative sign coming from the charged sector being compensated by the negative sign coming from the neutral sector! That is we cannot trap a half flux quantum in the hole in the untwisted sector (i.e. the even chain). Even more complex symmetry properties are offered by the conformal blocks of the twisted sector in eqs. (19) (20) (21) (22) which have been discussed above. In such a case a Cooper pair transport along the A-cycle induces a phase factor e i( π 2 +nπ) , which is the signal of the presence of a half-flux.
In order to manipulate the qubit we must then perform an adiabatic change of local magnetic fields that drags one half vortex across the system and flips the state of the system. That corresponds to the transport of a half flux quantum around the B-cycle. An extension to the two dimensions of the topological invariant just defined will be presented in Ref. [12] .
Based on the above considerations it could be possible to implement a protected qubit [7] only in the twisted sector of our theory (i.e. odd chains in the finite case).
Brief summary with comments
In this paper we presented a simple description of the phenomenon of flux quanta fractionalization occurring at the grain boundaries of high T c superconductors in the framework of 2D CFT. We proposed that flux trapping at the boundary can be modeled as a linear chain of frustrated (with half flux quanta trapped in it) plaquettes, broken by plaquettes with no (integer) magnetic flux, rising from a topological defect coupling two adjacent ones. It was shown that the Z 2 symmetry present in our approach well accounts for topological coupling at a point defect (twist) and allows for non trivial boundary conditions for the order parameter. Furthermore the presence in the spectrum of charged excitations, carrying half flux quanta, has been evidenced to be deeply related to its change of sign under a full rotation, by simply evaluating the Bohm-Aharonov phase picked up by the order parameter, while transporting a Cooper pair along the A-cycle of the torus.
We should emphasize that the phenomenon of flux quanta fractionalization analyzed here for the Z 2 symmetry can be extended to the more general Z m one, describing grain boundaries with more complicated but regular geometries with a Z m symmetry. In such a case it would be possible to observe a trapping of . A topological protected qubit has been proposed due to the implementation of non trivial boundary conditions for the system, which arise naturally in the twisted sector of our TM theory. That will appear more evident in the two dimensional fully frustrated JJA of Ref. [12] , where the decoherence properties of such a device will be also discussed.
6 Appendix: the TM on the torus topology In order to fully exploit the periodicity properties for the TM primary fields, characterizing the allowed physical excitations, let us resort to the torus topology. On the torus the TM primary fields are described in terms of the conformal blocks of the c = 3 2 subtheory and an Ising model [2] , so reflecting the decomposition on the plane outlined in Section 3. The following characters:
represent the field content of the Z 2 invariant c = 3/2 CFT [11] with a "charged" component (K α (w|τ ), see definition given below) and a "neutral" component (χ β , the conformal blocks of the Ising Model). In order to understand the physical significance of the c = 2 conformal blocks in terms of the charged low energy excitations of the system, let us evidentiate their electric charge and magnetic flux contents in the dual theory (it is obtained by exchanging the compactification radius R 2 e → R 2 m in the charged sector of the CFT). In order to do so let us consider the "charged" sector conformal blocks appearing in eqs. (11) (12) (13) :
corresponding to primary fields with conformal dimensions h 2l+i = and charges (electric, magnetic) 2e
α (l,i) R X , R X = 1 being the compactification radius. In particular we get: 
whereχ β are the c = Ising characters. Such a factorization is a consequence of the parity selection rule (m-ality), which gives a gluing condition for the "charged" and "neutral" excitations. 
The conformal blocks in the twisted and untwisted sectors, given in the above equations, represent the one point function for a Cooper pair, the coordinate w representing its position on the torus. The different expressions for it reflect its symmetry properties, the most relevant ones having been investigated in Section 4.
